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Singularity-free Extraction of a Quater-
nion from a Direction-Cosine Matrix

Allan R. Klumpp*
The Charles Stark Draper Laboratory,

Cambridge, Mass.

U SED as a four-parameter representation of a rotation, a
quaternion affords considerable computational

advantages compared to a direction-cosine matrix, its nine-
parameter equivalent. To realize the quaternion's advantages,
it is sometimes necessary to extract the quaternion from an
existing matrix. As an example, for space shuttle steering the
commanded attitude is readily computed as a direction-cosine
matrix, whereas actual attitude is most compactly computed
as a quaternion. Attitude error is computed as the quaternion
product once the commanded-attitude quaternion is extracted
from the corresponding matrix and conjugated. The virtues of
an error quaternion are that the vector part coincides with the
error axis and the length of the vector part is the sine of half
the error angle. The half-angle property means length reaches
maximum (unity) at 180° error, a very useful feature. The
quaternion extraction algorithm is also used in several ad-
ditional space shuttle flight-software applications.

Singularities in flight software are at best highly un-
desirable. Two algorithms for extracting a quaternion from a
direction-cosine matrix have been found in the literature. The
algorithm by Grubin l is the simplest, but it degrades in
precision for rotation angles in the vicinity of 180° because it
involves quotients in which both the dividend and divisor ap-
proach zero by subtraction of nearly equal numbers. At 180°
it fails. The algorithm proposed by Rupp2 and by Hendley3

fails at 180° by yielding any one of eight solutions, six of
which are incorrect. All algorithms must lose directional
precision in the vicinity of null. Since the algorithm presented
here is otherwise free from singularities, it has been adopted
by the organizations involved in space shuttle guidance and
control.

The vector part of the algorithm can be used separately as a
compact singularity-free method for finding the eigenvector
of a direction-cosine matrix.

A quaternion and a direction-cosine matrix are associated
by their transformations,

VB=MB
A VA

and

(1)

(2)

where VA and VB are either the same three-component vector
expressed in frames A and B or are vectors of equal length
within a single frame, MB

A is the direction-cosine matrix, qB
A is
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the quaternion, and (qB
A ) * is its conjugate. A matrix product

is implied by Eq.(l) and quaternion products by Eq. (2).
Denoting the quaternion scalar element by q0 and the vec-

tor elements by qh q2, q$, a direction-cosine matrix M is
related to the quaternion q by

Af=2 (3)

Two properties of use in extracting the quaternion from the
matrix are: 1) a rotation quaternion is of unit length, and 2) a
quaternion and its negative are interchangeable. A quaternion
with positive scalar represents a rotation of 180° or less; its
negative represents a rotation of opposite sense about the
same axis through 360° >minus the same angle. Since these
rotations are equivalent, the quaternions are interchangeable.
Thus, although there exist two quaternions corresponding to a
single direction-cosine matrix, one quaternion can arbitrarily
be selected with positive scalar corresponding to a rotation
less than or equal to 180°.

Using the quaternion length property and^choosing positive
sign, the quaternion scalar element can be extracted from the
matrix diagonal elements of Eq. (3) as

Qo
/IF

= +V- (4)

where tr (M) is the trace of the matrix.
An expression for the quaternion vector elements is im-

mediately apparent in terms of the matrix off-diagonal
elements. Let /, j, k index, in cyclic order, quaternion vector
elements and matrix rows and columns. Then

q0 (5)

This expression, presented by Grubin, reduces to 0/0 at 180°
and is imprecise in the vicinity of 180° because numerator
and denominator are both obtained by subtracting nearly
equal quantities.

Imprecision in the vicinity of 180° can be overcome by com-
puting the magnitudes of the quaternion vector elements in
terms of the matrix diagonal elements

\q,\ = + VM,-,/2+(/-tr (6)

Now the signs of the vector elements can be determined
from the matrix off-diagonal elements. Fortunately, there are
two expressions for doing this. The product of the quaternion
scalar element and one quaternion vector element is

QoQi=(MkJ-Mjtk)/4

and the product of two quaternion vector elements is

(7)

(8)

Since q0 is positive, the sign of one vector element, q{, is
determined by Eq. (7) as

sgn (<7,)=sgn (MkJ-Mjik) (9)
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With one vector element now known, the sign of another vec-
tor element is determined by Eq. (8) as

sgn ( q , ) = sgn (qfo,) = sgn [q,(A/,- / + Mitj) ] (10)

The form of Eq. (10) is chosen to avoid division because of
the possibility that qt is zero.

The signs produced by Eqs. (9) and (10) are indefinite in
certain important .cases. Indefiniteness cannot be avoided but
it can be rendered inconsequential, as will be discussed next.

In the case of a 180° rotation, q() = 0, A/AV — M7->A. =0, and
numerical imprecision causes Eq. (9) to produce indefinite
signs. Thus, if the signs of all three vector elements are deter-
mined by cyclically permuting the indices of Eq. (9) as
proposed by Rupp and Hendley, any one of eight solutions
can occur, only two of which are correct. Two, not one, are
correct because for a 180° rotation the vector part of the
quaternion can arbitrarily be reversed. The remaining six (in-
correct) solutions are reflections of the rotation axis about the
planes of the coordinate frame. If Eq. (9) could be processed
without numerical error, then for 180° rotations all three vec-
tors elements would be assigned positive signs, also generally
incorrect.

Because Eq. (9) is indefinite only when the rotation angle is
180°, in which case the direction of the rotation vector can ar-
bitrarily be reversed, Eq. (9) can always be used to determine
the sign of one vector element, say qjt Then, given qi9 Eq. (10)
can be used twice to determine the two remaining signs,
provided q, is not zero. If q, is zero, then M/^+M/j = 0 and
Eq. (10) is indefinite.

It is necessary and sufficient that <// be the vector element of
largest magnitude in order for this combination of Eqs. (9)
and (10) to produce correct signs in all cases.

Necessity is established by the case in which two vector
elements are zero and the rotation angle is other than 180° so
that the sign of the nonzero element is not arbitrary. Then if
qi is one of the zero elements, Eq. (10) may incorrectly deter-
mine the sign of the nonzero element. Now because of
numerical imprecision, two elements both nominally zero may
differ. For example, one may be l x l O ~ 1 7 , the other
2x 10 ~ 1 7 while the nonzero element is Vz. Equation (10) may
fail if Qi is either "zero" element and both are avoided only if
qi is the vector element of largest magnitude.

Sufficiency is established because if <?/ is the vector element
of largest magnitude then the signs of the remaining two
elements are correctly assigned regardless of their
magnitudes. If all three vector elements are zero, indefinite
signs are assigned without consequence.

The algorithm just developed, valid for all cases, consists of
the following. First compute the scalar element by Eq. (4) and
the magnitudes of the vector elements by Eq. (6). Then find /,
j, k in cyclic order such that

Then

and

where

l < 7 , l > \QJ\\ 10,-1 > \qk\

/ = sgn (MkJ-Mjfk) 10/1

j = sgn (qi (M,-,/ + M |V /-)) I0y1

k = sgn ( q j ( M k t i + M i f k ) ) \qk\

Sgn
, A. A
(A)=

-7, A<0

(11)

(12)

(13)

(14)

(15)

argument which should be zero. Divide overflow can not oc-
cur because divisions by variables have been avoided.
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Lubricant Reservoir Systems:
Thermal Considerations
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Nomenclature
A,B = constants for a liquid, Eq. (1)

H = molar heat of vaporization of liquid
M = molecular weight
p = pressure
R = universal gas constant
r = nylon pore radius
T = temperature, K
J^ = time
V = molar volume of liquid (molecular weight/den-

sity)
w = weight loss per unit area
7 — surface tension of liquid
p = density

Subscripts
pQ = vapor pressure of bulk liquid at given tem-

perature, Eq. (2)
TB = chamber B temperature
Tc = chamber C temperature

Introduction

In an earlier paper,' it was determined that, under isother-
mal conditions, porous nylon blocks used as lubricant

replenishment reservoirs in such spacecraft components as
despun mechanical assemblies actually behave as lubricant
sinks'or sponges. The cause of such behavior is capillary ef-
fects. In this paper, the thermal conditions necessary to insure
that a porous reservoir functions satisfactorily as a lubricant
replenishment source are derived by thermodynamic
methodology.

Several active feed types of reservoir systems have been
proposed by spacecraft contractors. The primary problem is
knowing the amount of lubricant to be released and the rate of
its release. Computations of these quantities have been based
only on the amount of lubricant lost by vapor phase trans-

Equations (4) and (6) must be protected against square root
failure because numerical imperfection can yield a negative
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